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Motivation
Neural networks have extremely large numbers 
of parameters. On the surface, that makes them hard to 
understand analytically.


But physics provides examples where systems simplify 
in the limit of large numbers of constituents:  
thermodynamics/stat mech.
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What can we do 
with a stat mech analogy?

Computing averages/expectation values is “easy.” A stat mech 
theory gives us fluctuations, mean-field EFT, 
higher-point correlators, 1/N expansion, etc.

Ising model:
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dx [mu(x)2 + v u(x)4 +K(ru(x))2 + · · · ]
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average and take  
continuum limit



Feed-forward network: setting notation

l = 0
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l = 1
<latexit sha1_base64="GgyRi2GthwwqzayySoYPYFqHZiA=">AAAB7HicdVBNS8NAEJ34WetX1aOXxSJ4KkkMbT0IRS8eK5i20Iay2W7apZtN2N0IpfQ3ePGgiFd/kDf/jZu2goo+GHi8N8PMvDDlTGnb/rBWVtfWNzYLW8Xtnd29/dLBYUslmSTUJwlPZCfEinImqK+Z5rSTSorjkNN2OL7O/fY9lYol4k5PUhrEeChYxAjWRvI5ukROv1S2Kxf1qutVkV2x7ZrjOjlxa965hxyj5CjDEs1+6b03SEgWU6EJx0p1HTvVwRRLzQins2IvUzTFZIyHtGuowDFVwXR+7AydGmWAokSaEhrN1e8TUxwrNYlD0xljPVK/vVz8y+tmOqoHUybSTFNBFouijCOdoPxzNGCSEs0nhmAimbkVkRGWmGiTT9GE8PUp+p+03Ipj+K1Xblwt4yjAMZzAGThQgwbcQBN8IMDgAZ7g2RLWo/VivS5aV6zlzBH8gPX2CdI2jgg=</latexit><latexit sha1_base64="GgyRi2GthwwqzayySoYPYFqHZiA=">AAAB7HicdVBNS8NAEJ34WetX1aOXxSJ4KkkMbT0IRS8eK5i20Iay2W7apZtN2N0IpfQ3ePGgiFd/kDf/jZu2goo+GHi8N8PMvDDlTGnb/rBWVtfWNzYLW8Xtnd29/dLBYUslmSTUJwlPZCfEinImqK+Z5rSTSorjkNN2OL7O/fY9lYol4k5PUhrEeChYxAjWRvI5ukROv1S2Kxf1qutVkV2x7ZrjOjlxa965hxyj5CjDEs1+6b03SEgWU6EJx0p1HTvVwRRLzQins2IvUzTFZIyHtGuowDFVwXR+7AydGmWAokSaEhrN1e8TUxwrNYlD0xljPVK/vVz8y+tmOqoHUybSTFNBFouijCOdoPxzNGCSEs0nhmAimbkVkRGWmGiTT9GE8PUp+p+03Ipj+K1Xblwt4yjAMZzAGThQgwbcQBN8IMDgAZ7g2RLWo/VivS5aV6zlzBH8gPX2CdI2jgg=</latexit><latexit sha1_base64="GgyRi2GthwwqzayySoYPYFqHZiA=">AAAB7HicdVBNS8NAEJ34WetX1aOXxSJ4KkkMbT0IRS8eK5i20Iay2W7apZtN2N0IpfQ3ePGgiFd/kDf/jZu2goo+GHi8N8PMvDDlTGnb/rBWVtfWNzYLW8Xtnd29/dLBYUslmSTUJwlPZCfEinImqK+Z5rSTSorjkNN2OL7O/fY9lYol4k5PUhrEeChYxAjWRvI5ukROv1S2Kxf1qutVkV2x7ZrjOjlxa965hxyj5CjDEs1+6b03SEgWU6EJx0p1HTvVwRRLzQins2IvUzTFZIyHtGuowDFVwXR+7AydGmWAokSaEhrN1e8TUxwrNYlD0xljPVK/vVz8y+tmOqoHUybSTFNBFouijCOdoPxzNGCSEs0nhmAimbkVkRGWmGiTT9GE8PUp+p+03Ipj+K1Xblwt4yjAMZzAGThQgwbcQBN8IMDgAZ7g2RLWo/VivS5aV6zlzBH8gPX2CdI2jgg=</latexit><latexit sha1_base64="GgyRi2GthwwqzayySoYPYFqHZiA=">AAAB7HicdVBNS8NAEJ34WetX1aOXxSJ4KkkMbT0IRS8eK5i20Iay2W7apZtN2N0IpfQ3ePGgiFd/kDf/jZu2goo+GHi8N8PMvDDlTGnb/rBWVtfWNzYLW8Xtnd29/dLBYUslmSTUJwlPZCfEinImqK+Z5rSTSorjkNN2OL7O/fY9lYol4k5PUhrEeChYxAjWRvI5ukROv1S2Kxf1qutVkV2x7ZrjOjlxa965hxyj5CjDEs1+6b03SEgWU6EJx0p1HTvVwRRLzQins2IvUzTFZIyHtGuowDFVwXR+7AydGmWAokSaEhrN1e8TUxwrNYlD0xljPVK/vVz8y+tmOqoHUybSTFNBFouijCOdoPxzNGCSEs0nhmAimbkVkRGWmGiTT9GE8PUp+p+03Ipj+K1Xblwt4yjAMZzAGThQgwbcQBN8IMDgAZ7g2RLWo/VivS5aV6zlzBH8gPX2CdI2jgg=</latexit>

. . .
<latexit sha1_base64="hsmkPBNcPgP5pZJP+ZcaC6imaV4=">AAAB7HicdVBNS8NAFNzUr1q/qh69LBbBU0liaOut6MVjBdMW2lA22027dLMJuy9CKf0NXjwo4tUf5M1/46atoKIDC8PMG/a9CVPBNdj2h1VYW9/Y3Cpul3Z29/YPyodHbZ1kijKfJiJR3ZBoJrhkPnAQrJsqRuJQsE44uc79zj1TmifyDqYpC2IykjzilICR/P4wAT0oV+zqZaPmejVsV2277rhOTty6d+Fhxyg5KmiF1qD8bnI0i5kEKojWPcdOIZgRBZwKNi/1M81SQidkxHqGShIzHcwWy87xmVGGOEqUeRLwQv2emJFY62kcmsmYwFj/9nLxL6+XQdQIZlymGTBJlx9FmcCQ4PxyPOSKURBTQwhV3OyK6ZgoQsH0UzIlfF2K/ydtt+oYfutVmlerOoroBJ2ic+SgOmqiG9RCPqKIowf0hJ4taT1aL9brcrRgrTLH6Aest09RiI8E</latexit><latexit sha1_base64="hsmkPBNcPgP5pZJP+ZcaC6imaV4=">AAAB7HicdVBNS8NAFNzUr1q/qh69LBbBU0liaOut6MVjBdMW2lA22027dLMJuy9CKf0NXjwo4tUf5M1/46atoKIDC8PMG/a9CVPBNdj2h1VYW9/Y3Cpul3Z29/YPyodHbZ1kijKfJiJR3ZBoJrhkPnAQrJsqRuJQsE44uc79zj1TmifyDqYpC2IykjzilICR/P4wAT0oV+zqZaPmejVsV2277rhOTty6d+Fhxyg5KmiF1qD8bnI0i5kEKojWPcdOIZgRBZwKNi/1M81SQidkxHqGShIzHcwWy87xmVGGOEqUeRLwQv2emJFY62kcmsmYwFj/9nLxL6+XQdQIZlymGTBJlx9FmcCQ4PxyPOSKURBTQwhV3OyK6ZgoQsH0UzIlfF2K/ydtt+oYfutVmlerOoroBJ2ic+SgOmqiG9RCPqKIowf0hJ4taT1aL9brcrRgrTLH6Aest09RiI8E</latexit><latexit sha1_base64="hsmkPBNcPgP5pZJP+ZcaC6imaV4=">AAAB7HicdVBNS8NAFNzUr1q/qh69LBbBU0liaOut6MVjBdMW2lA22027dLMJuy9CKf0NXjwo4tUf5M1/46atoKIDC8PMG/a9CVPBNdj2h1VYW9/Y3Cpul3Z29/YPyodHbZ1kijKfJiJR3ZBoJrhkPnAQrJsqRuJQsE44uc79zj1TmifyDqYpC2IykjzilICR/P4wAT0oV+zqZaPmejVsV2277rhOTty6d+Fhxyg5KmiF1qD8bnI0i5kEKojWPcdOIZgRBZwKNi/1M81SQidkxHqGShIzHcwWy87xmVGGOEqUeRLwQv2emJFY62kcmsmYwFj/9nLxL6+XQdQIZlymGTBJlx9FmcCQ4PxyPOSKURBTQwhV3OyK6ZgoQsH0UzIlfF2K/ydtt+oYfutVmlerOoroBJ2ic+SgOmqiG9RCPqKIowf0hJ4taT1aL9brcrRgrTLH6Aest09RiI8E</latexit><latexit sha1_base64="hsmkPBNcPgP5pZJP+ZcaC6imaV4=">AAAB7HicdVBNS8NAFNzUr1q/qh69LBbBU0liaOut6MVjBdMW2lA22027dLMJuy9CKf0NXjwo4tUf5M1/46atoKIDC8PMG/a9CVPBNdj2h1VYW9/Y3Cpul3Z29/YPyodHbZ1kijKfJiJR3ZBoJrhkPnAQrJsqRuJQsE44uc79zj1TmifyDqYpC2IykjzilICR/P4wAT0oV+zqZaPmejVsV2277rhOTty6d+Fhxyg5KmiF1qD8bnI0i5kEKojWPcdOIZgRBZwKNi/1M81SQidkxHqGShIzHcwWy87xmVGGOEqUeRLwQv2emJFY62kcmsmYwFj/9nLxL6+XQdQIZlymGTBJlx9FmcCQ4PxyPOSKURBTQwhV3OyK6ZgoQsH0UzIlfF2K/ydtt+oYfutVmlerOoroBJ2ic+SgOmqiG9RCPqKIowf0hJ4taT1aL9brcrRgrTLH6Aest09RiI8E</latexit>

�l : R ! R
<latexit sha1_base64="ESQuNY1HTyCY/1JXMW13Kv1bZX0=">AAACCnicdVDLSgMxFM34rPU16tJNtAiuSlLEtq6KblxWsQ/ojCWTZtrQzIMkI5Shazf+ihsXirj1C9z5N2baClX0QODknHu59x4vFlxphD6thcWl5ZXV3Fp+fWNza9ve2W2qKJGUNWgkItn2iGKCh6yhuRasHUtGAk+wlje8yPzWHZOKR+GNHsXMDUg/5D6nRBupax848YDfijPoBEQPPC+9HkNHR3Pfrl1ARYQQxhhmBJdPkSHVaqWEKxBnlkEBzFDv2h9OL6JJwEJNBVGqg1Gs3ZRIzalg47yTKBYTOiR91jE0JAFTbjo5ZQyPjNKDfiTNCzWcqPMdKQmUGgWeqcw2VL+9TPzL6yTar7gpD+NEs5BOB/mJgObWLBfY45JRLUaGECq52RXSAZGEapNe3oTwfSn8nzRLRWz41Umhdj6LIwf2wSE4BhiUQQ1cgjpoAAruwSN4Bi/Wg/VkvVpv09IFa9azB37Aev8CKY+akw==</latexit><latexit sha1_base64="ESQuNY1HTyCY/1JXMW13Kv1bZX0=">AAACCnicdVDLSgMxFM34rPU16tJNtAiuSlLEtq6KblxWsQ/ojCWTZtrQzIMkI5Shazf+ihsXirj1C9z5N2baClX0QODknHu59x4vFlxphD6thcWl5ZXV3Fp+fWNza9ve2W2qKJGUNWgkItn2iGKCh6yhuRasHUtGAk+wlje8yPzWHZOKR+GNHsXMDUg/5D6nRBupax848YDfijPoBEQPPC+9HkNHR3Pfrl1ARYQQxhhmBJdPkSHVaqWEKxBnlkEBzFDv2h9OL6JJwEJNBVGqg1Gs3ZRIzalg47yTKBYTOiR91jE0JAFTbjo5ZQyPjNKDfiTNCzWcqPMdKQmUGgWeqcw2VL+9TPzL6yTar7gpD+NEs5BOB/mJgObWLBfY45JRLUaGECq52RXSAZGEapNe3oTwfSn8nzRLRWz41Umhdj6LIwf2wSE4BhiUQQ1cgjpoAAruwSN4Bi/Wg/VkvVpv09IFa9azB37Aev8CKY+akw==</latexit><latexit sha1_base64="ESQuNY1HTyCY/1JXMW13Kv1bZX0=">AAACCnicdVDLSgMxFM34rPU16tJNtAiuSlLEtq6KblxWsQ/ojCWTZtrQzIMkI5Shazf+ihsXirj1C9z5N2baClX0QODknHu59x4vFlxphD6thcWl5ZXV3Fp+fWNza9ve2W2qKJGUNWgkItn2iGKCh6yhuRasHUtGAk+wlje8yPzWHZOKR+GNHsXMDUg/5D6nRBupax848YDfijPoBEQPPC+9HkNHR3Pfrl1ARYQQxhhmBJdPkSHVaqWEKxBnlkEBzFDv2h9OL6JJwEJNBVGqg1Gs3ZRIzalg47yTKBYTOiR91jE0JAFTbjo5ZQyPjNKDfiTNCzWcqPMdKQmUGgWeqcw2VL+9TPzL6yTar7gpD+NEs5BOB/mJgObWLBfY45JRLUaGECq52RXSAZGEapNe3oTwfSn8nzRLRWz41Umhdj6LIwf2wSE4BhiUQQ1cgjpoAAruwSN4Bi/Wg/VkvVpv09IFa9azB37Aev8CKY+akw==</latexit><latexit sha1_base64="ESQuNY1HTyCY/1JXMW13Kv1bZX0=">AAACCnicdVDLSgMxFM34rPU16tJNtAiuSlLEtq6KblxWsQ/ojCWTZtrQzIMkI5Shazf+ihsXirj1C9z5N2baClX0QODknHu59x4vFlxphD6thcWl5ZXV3Fp+fWNza9ve2W2qKJGUNWgkItn2iGKCh6yhuRasHUtGAk+wlje8yPzWHZOKR+GNHsXMDUg/5D6nRBupax848YDfijPoBEQPPC+9HkNHR3Pfrl1ARYQQxhhmBJdPkSHVaqWEKxBnlkEBzFDv2h9OL6JJwEJNBVGqg1Gs3ZRIzalg47yTKBYTOiR91jE0JAFTbjo5ZQyPjNKDfiTNCzWcqPMdKQmUGgWeqcw2VL+9TPzL6yTar7gpD+NEs5BOB/mJgObWLBfY45JRLUaGECq52RXSAZGEapNe3oTwfSn8nzRLRWz41Umhdj6LIwf2wSE4BhiUQQ1cgjpoAAruwSN4Bi/Wg/VkvVpv09IFa9azB37Aev8CKY+akw==</latexit>

W l
↵� , bl↵

<latexit sha1_base64="iuahqj6ZeeaomXxwZP5x0kCdv14=">AAACCXicdZDLSsNAFIYnXmu9RV26GSyCCymJjRh3RTcuK9gLNGk4mU7boZMLMxOhhG7d+CpuXCji1jdw59s4vQgq+sPAz3fO4cz5w5QzqSzrw1hYXFpeWS2sFdc3Nre2zZ3dhkwyQWidJDwRrRAk5SymdcUUp61UUIhCTpvh8HJSb95SIVkS36hRSv0I+jHrMQJKo8DEzSD3gKcDwF5IFYw7/Bh7OAxmsMMDs2SVLdepuDa2yqeVc9upaGM5rqOJXbamKqG5aoH57nUTkkU0VoSDlG3bSpWfg1CMcDouepmkKZAh9Glb2xgiKv18eskYH2rSxb1E6BcrPKXfJ3KIpBxFoe6MQA3k79oE/lVrZ6rn+jmL00zRmMwW9TKOVYInseAuE5QoPtIGiGD6r5gMQABROryiDuHrUvy/aZyUbe2vnVL1Yh5HAe2jA3SEbHSGqugK1VAdEXSHHtATejbujUfjxXidtS4Y85k99EPG2yfww5nc</latexit><latexit sha1_base64="iuahqj6ZeeaomXxwZP5x0kCdv14=">AAACCXicdZDLSsNAFIYnXmu9RV26GSyCCymJjRh3RTcuK9gLNGk4mU7boZMLMxOhhG7d+CpuXCji1jdw59s4vQgq+sPAz3fO4cz5w5QzqSzrw1hYXFpeWS2sFdc3Nre2zZ3dhkwyQWidJDwRrRAk5SymdcUUp61UUIhCTpvh8HJSb95SIVkS36hRSv0I+jHrMQJKo8DEzSD3gKcDwF5IFYw7/Bh7OAxmsMMDs2SVLdepuDa2yqeVc9upaGM5rqOJXbamKqG5aoH57nUTkkU0VoSDlG3bSpWfg1CMcDouepmkKZAh9Glb2xgiKv18eskYH2rSxb1E6BcrPKXfJ3KIpBxFoe6MQA3k79oE/lVrZ6rn+jmL00zRmMwW9TKOVYInseAuE5QoPtIGiGD6r5gMQABROryiDuHrUvy/aZyUbe2vnVL1Yh5HAe2jA3SEbHSGqugK1VAdEXSHHtATejbujUfjxXidtS4Y85k99EPG2yfww5nc</latexit><latexit sha1_base64="iuahqj6ZeeaomXxwZP5x0kCdv14=">AAACCXicdZDLSsNAFIYnXmu9RV26GSyCCymJjRh3RTcuK9gLNGk4mU7boZMLMxOhhG7d+CpuXCji1jdw59s4vQgq+sPAz3fO4cz5w5QzqSzrw1hYXFpeWS2sFdc3Nre2zZ3dhkwyQWidJDwRrRAk5SymdcUUp61UUIhCTpvh8HJSb95SIVkS36hRSv0I+jHrMQJKo8DEzSD3gKcDwF5IFYw7/Bh7OAxmsMMDs2SVLdepuDa2yqeVc9upaGM5rqOJXbamKqG5aoH57nUTkkU0VoSDlG3bSpWfg1CMcDouepmkKZAh9Glb2xgiKv18eskYH2rSxb1E6BcrPKXfJ3KIpBxFoe6MQA3k79oE/lVrZ6rn+jmL00zRmMwW9TKOVYInseAuE5QoPtIGiGD6r5gMQABROryiDuHrUvy/aZyUbe2vnVL1Yh5HAe2jA3SEbHSGqugK1VAdEXSHHtATejbujUfjxXidtS4Y85k99EPG2yfww5nc</latexit><latexit sha1_base64="iuahqj6ZeeaomXxwZP5x0kCdv14=">AAACCXicdZDLSsNAFIYnXmu9RV26GSyCCymJjRh3RTcuK9gLNGk4mU7boZMLMxOhhG7d+CpuXCji1jdw59s4vQgq+sPAz3fO4cz5w5QzqSzrw1hYXFpeWS2sFdc3Nre2zZ3dhkwyQWidJDwRrRAk5SymdcUUp61UUIhCTpvh8HJSb95SIVkS36hRSv0I+jHrMQJKo8DEzSD3gKcDwF5IFYw7/Bh7OAxmsMMDs2SVLdepuDa2yqeVc9upaGM5rqOJXbamKqG5aoH57nUTkkU0VoSDlG3bSpWfg1CMcDouepmkKZAh9Glb2xgiKv18eskYH2rSxb1E6BcrPKXfJ3KIpBxFoe6MQA3k79oE/lVrZ6rn+jmL00zRmMwW9TKOVYInseAuE5QoPtIGiGD6r5gMQABROryiDuHrUvy/aZyUbe2vnVL1Yh5HAe2jA3SEbHSGqugK1VAdEXSHHtATejbujUfjxXidtS4Y85k99EPG2yfww5nc</latexit>

{ <latexit sha1_base64="swUn7zWqnVi68t3BIo8OZZjaaVI=">AAAB6XicdVDLSgNBEOz1GeMr6tHLYBA8hVmz4noLevEYxTwgWcLsZDYZMju7zMwKYckfePGgiFf/yJt/4+QhqGhBQ1HVTXdXmAquDcYfztLyyuraemGjuLm1vbNb2ttv6iRTlDVoIhLVDolmgkvWMNwI1k4VI3EoWCscXU391j1TmifyzoxTFsRkIHnEKTFWuu3mvVIZV7DvVX0X4cpZ9cL1qpZgz/es4lbwDGVYoN4rvXf7Cc1iJg0VROuOi1MT5EQZTgWbFLuZZimhIzJgHUsliZkO8tmlE3RslT6KEmVLGjRTv0/kJNZ6HIe2MyZmqH97U/Evr5OZyA9yLtPMMEnni6JMIJOg6duozxWjRowtIVRxeyuiQ6IINTacog3h61P0P2meVlzLb7xy7XIRRwEO4QhOwIVzqME11KEBFCJ4gCd4dkbOo/PivM5bl5zFzAH8gPP2CQakja8=</latexit><latexit sha1_base64="swUn7zWqnVi68t3BIo8OZZjaaVI=">AAAB6XicdVDLSgNBEOz1GeMr6tHLYBA8hVmz4noLevEYxTwgWcLsZDYZMju7zMwKYckfePGgiFf/yJt/4+QhqGhBQ1HVTXdXmAquDcYfztLyyuraemGjuLm1vbNb2ttv6iRTlDVoIhLVDolmgkvWMNwI1k4VI3EoWCscXU391j1TmifyzoxTFsRkIHnEKTFWuu3mvVIZV7DvVX0X4cpZ9cL1qpZgz/es4lbwDGVYoN4rvXf7Cc1iJg0VROuOi1MT5EQZTgWbFLuZZimhIzJgHUsliZkO8tmlE3RslT6KEmVLGjRTv0/kJNZ6HIe2MyZmqH97U/Evr5OZyA9yLtPMMEnni6JMIJOg6duozxWjRowtIVRxeyuiQ6IINTacog3h61P0P2meVlzLb7xy7XIRRwEO4QhOwIVzqME11KEBFCJ4gCd4dkbOo/PivM5bl5zFzAH8gPP2CQakja8=</latexit><latexit sha1_base64="swUn7zWqnVi68t3BIo8OZZjaaVI=">AAAB6XicdVDLSgNBEOz1GeMr6tHLYBA8hVmz4noLevEYxTwgWcLsZDYZMju7zMwKYckfePGgiFf/yJt/4+QhqGhBQ1HVTXdXmAquDcYfztLyyuraemGjuLm1vbNb2ttv6iRTlDVoIhLVDolmgkvWMNwI1k4VI3EoWCscXU391j1TmifyzoxTFsRkIHnEKTFWuu3mvVIZV7DvVX0X4cpZ9cL1qpZgz/es4lbwDGVYoN4rvXf7Cc1iJg0VROuOi1MT5EQZTgWbFLuZZimhIzJgHUsliZkO8tmlE3RslT6KEmVLGjRTv0/kJNZ6HIe2MyZmqH97U/Evr5OZyA9yLtPMMEnni6JMIJOg6duozxWjRowtIVRxeyuiQ6IINTacog3h61P0P2meVlzLb7xy7XIRRwEO4QhOwIVzqME11KEBFCJ4gCd4dkbOo/PivM5bl5zFzAH8gPP2CQakja8=</latexit><latexit sha1_base64="swUn7zWqnVi68t3BIo8OZZjaaVI=">AAAB6XicdVDLSgNBEOz1GeMr6tHLYBA8hVmz4noLevEYxTwgWcLsZDYZMju7zMwKYckfePGgiFf/yJt/4+QhqGhBQ1HVTXdXmAquDcYfztLyyuraemGjuLm1vbNb2ttv6iRTlDVoIhLVDolmgkvWMNwI1k4VI3EoWCscXU391j1TmifyzoxTFsRkIHnEKTFWuu3mvVIZV7DvVX0X4cpZ9cL1qpZgz/es4lbwDGVYoN4rvXf7Cc1iJg0VROuOi1MT5EQZTgWbFLuZZimhIzJgHUsliZkO8tmlE3RslT6KEmVLGjRTv0/kJNZ6HIe2MyZmqH97U/Evr5OZyA9yLtPMMEnni6JMIJOg6duozxWjRowtIVRxeyuiQ6IINTacog3h61P0P2meVlzLb7xy7XIRRwEO4QhOwIVzqME11KEBFCJ4gCd4dkbOo/PivM5bl5zFzAH8gPP2CQakja8=</latexit>

xi
<latexit sha1_base64="0rzZX0DIjOIJMh6qrh7Vjf51F4g=">AAAB6nicdZBNS8NAEIYn9avWr6pHL4tF8FRSUfRY9OKxov2ANpTNdtIu3WzC7kYsoT/BiwdFvPqLvPlv3LQpqOgLCy/PzLAzrx8Lro3rfjqFpeWV1bXiemljc2t7p7y719JRohg2WSQi1fGpRsElNg03AjuxQhr6Atv++Cqrt+9RaR7JOzOJ0QvpUPKAM2osun3o83654lbP3EzErboLk5NaTiqQq9Evf/QGEUtClIYJqnW35sbGS6kynAmclnqJxpiyMR1i11pJQ9ReOlt1So4sGZAgUvZJQ2b0+0RKQ60noW87Q2pG+nctg3/VuokJLryUyzgxKNn8oyARxEQku5sMuEJmxMQayhS3uxI2oooyY9Mp2RAWl5L/TeukWrP+5rRSv8zjKMIBHMIx1OAc6nANDWgCgyE8wjO8OMJ5cl6dt3lrwcln9uGHnPcvbySN4g==</latexit><latexit sha1_base64="0rzZX0DIjOIJMh6qrh7Vjf51F4g=">AAAB6nicdZBNS8NAEIYn9avWr6pHL4tF8FRSUfRY9OKxov2ANpTNdtIu3WzC7kYsoT/BiwdFvPqLvPlv3LQpqOgLCy/PzLAzrx8Lro3rfjqFpeWV1bXiemljc2t7p7y719JRohg2WSQi1fGpRsElNg03AjuxQhr6Atv++Cqrt+9RaR7JOzOJ0QvpUPKAM2osun3o83654lbP3EzErboLk5NaTiqQq9Evf/QGEUtClIYJqnW35sbGS6kynAmclnqJxpiyMR1i11pJQ9ReOlt1So4sGZAgUvZJQ2b0+0RKQ60noW87Q2pG+nctg3/VuokJLryUyzgxKNn8oyARxEQku5sMuEJmxMQayhS3uxI2oooyY9Mp2RAWl5L/TeukWrP+5rRSv8zjKMIBHMIx1OAc6nANDWgCgyE8wjO8OMJ5cl6dt3lrwcln9uGHnPcvbySN4g==</latexit><latexit sha1_base64="0rzZX0DIjOIJMh6qrh7Vjf51F4g=">AAAB6nicdZBNS8NAEIYn9avWr6pHL4tF8FRSUfRY9OKxov2ANpTNdtIu3WzC7kYsoT/BiwdFvPqLvPlv3LQpqOgLCy/PzLAzrx8Lro3rfjqFpeWV1bXiemljc2t7p7y719JRohg2WSQi1fGpRsElNg03AjuxQhr6Atv++Cqrt+9RaR7JOzOJ0QvpUPKAM2osun3o83654lbP3EzErboLk5NaTiqQq9Evf/QGEUtClIYJqnW35sbGS6kynAmclnqJxpiyMR1i11pJQ9ReOlt1So4sGZAgUvZJQ2b0+0RKQ60noW87Q2pG+nctg3/VuokJLryUyzgxKNn8oyARxEQku5sMuEJmxMQayhS3uxI2oooyY9Mp2RAWl5L/TeukWrP+5rRSv8zjKMIBHMIx1OAc6nANDWgCgyE8wjO8OMJ5cl6dt3lrwcln9uGHnPcvbySN4g==</latexit><latexit sha1_base64="0rzZX0DIjOIJMh6qrh7Vjf51F4g=">AAAB6nicdZBNS8NAEIYn9avWr6pHL4tF8FRSUfRY9OKxov2ANpTNdtIu3WzC7kYsoT/BiwdFvPqLvPlv3LQpqOgLCy/PzLAzrx8Lro3rfjqFpeWV1bXiemljc2t7p7y719JRohg2WSQi1fGpRsElNg03AjuxQhr6Atv++Cqrt+9RaR7JOzOJ0QvpUPKAM2osun3o83654lbP3EzErboLk5NaTiqQq9Evf/QGEUtClIYJqnW35sbGS6kynAmclnqJxpiyMR1i11pJQ9ReOlt1So4sGZAgUvZJQ2b0+0RKQ60noW87Q2pG+nctg3/VuokJLryUyzgxKNn8oyARxEQku5sMuEJmxMQayhS3uxI2oooyY9Mp2RAWl5L/TeukWrP+5rRSv8zjKMIBHMIx1OAc6nANDWgCgyE8wjO8OMJ5cl6dt3lrwcln9uGHnPcvbySN4g==</latexit>

(i 2 M)
<latexit sha1_base64="PIsC7W+8F9drz72+G1ptSCbKBiQ=">AAAB/HicdVDLSsNAFL3xWesr2qWbwSLUTUlF0WXRjRuhgn1AE8pkOmmHTiZhZiKEUH/FjQtF3Poh7vwbJ20KKnpg4HDOvdwzx485U9pxPq2l5ZXVtfXSRnlza3tn197b76gokYS2ScQj2fOxopwJ2tZMc9qLJcWhz2nXn1zlfveeSsUicafTmHohHgkWMIK1kQZ2pcaQywRyQ6zHBPPsZno8sKtO/czJgZy6syCF0iiUKhRoDewPdxiRJKRCE46V6jecWHsZlpoRTqdlN1E0xmSCR7RvqMAhVV42Cz9FR0YZoiCS5gmNZur3jQyHSqWhbybzjOq3l4t/ef1EBxdexkScaCrI/FCQcKQjlDeBhkxSonlqCCaSmayIjLHERJu+yqaExU/R/6RzUm8YfntabV4WdZTgAA6hBg04hyZcQwvaQCCFR3iGF+vBerJerbf56JJV7FTgB6z3L6BClBs=</latexit><latexit sha1_base64="PIsC7W+8F9drz72+G1ptSCbKBiQ=">AAAB/HicdVDLSsNAFL3xWesr2qWbwSLUTUlF0WXRjRuhgn1AE8pkOmmHTiZhZiKEUH/FjQtF3Poh7vwbJ20KKnpg4HDOvdwzx485U9pxPq2l5ZXVtfXSRnlza3tn197b76gokYS2ScQj2fOxopwJ2tZMc9qLJcWhz2nXn1zlfveeSsUicafTmHohHgkWMIK1kQZ2pcaQywRyQ6zHBPPsZno8sKtO/czJgZy6syCF0iiUKhRoDewPdxiRJKRCE46V6jecWHsZlpoRTqdlN1E0xmSCR7RvqMAhVV42Cz9FR0YZoiCS5gmNZur3jQyHSqWhbybzjOq3l4t/ef1EBxdexkScaCrI/FCQcKQjlDeBhkxSonlqCCaSmayIjLHERJu+yqaExU/R/6RzUm8YfntabV4WdZTgAA6hBg04hyZcQwvaQCCFR3iGF+vBerJerbf56JJV7FTgB6z3L6BClBs=</latexit><latexit sha1_base64="PIsC7W+8F9drz72+G1ptSCbKBiQ=">AAAB/HicdVDLSsNAFL3xWesr2qWbwSLUTUlF0WXRjRuhgn1AE8pkOmmHTiZhZiKEUH/FjQtF3Poh7vwbJ20KKnpg4HDOvdwzx485U9pxPq2l5ZXVtfXSRnlza3tn197b76gokYS2ScQj2fOxopwJ2tZMc9qLJcWhz2nXn1zlfveeSsUicafTmHohHgkWMIK1kQZ2pcaQywRyQ6zHBPPsZno8sKtO/czJgZy6syCF0iiUKhRoDewPdxiRJKRCE46V6jecWHsZlpoRTqdlN1E0xmSCR7RvqMAhVV42Cz9FR0YZoiCS5gmNZur3jQyHSqWhbybzjOq3l4t/ef1EBxdexkScaCrI/FCQcKQjlDeBhkxSonlqCCaSmayIjLHERJu+yqaExU/R/6RzUm8YfntabV4WdZTgAA6hBg04hyZcQwvaQCCFR3iGF+vBerJerbf56JJV7FTgB6z3L6BClBs=</latexit><latexit sha1_base64="PIsC7W+8F9drz72+G1ptSCbKBiQ=">AAAB/HicdVDLSsNAFL3xWesr2qWbwSLUTUlF0WXRjRuhgn1AE8pkOmmHTiZhZiKEUH/FjQtF3Poh7vwbJ20KKnpg4HDOvdwzx485U9pxPq2l5ZXVtfXSRnlza3tn197b76gokYS2ScQj2fOxopwJ2tZMc9qLJcWhz2nXn1zlfveeSsUicafTmHohHgkWMIK1kQZ2pcaQywRyQ6zHBPPsZno8sKtO/czJgZy6syCF0iiUKhRoDewPdxiRJKRCE46V6jecWHsZlpoRTqdlN1E0xmSCR7RvqMAhVV42Cz9FR0YZoiCS5gmNZur3jQyHSqWhbybzjOq3l4t/ef1EBxdexkScaCrI/FCQcKQjlDeBhkxSonlqCCaSmayIjLHERJu+yqaExU/R/6RzUm8YfntabV4WdZTgAA6hBg04hyZcQwvaQCCFR3iGF+vBerJerbf56JJV7FTgB6z3L6BClBs=</latexit>

target
<latexit sha1_base64="+SeC0eZeOvMRhrrfOgIpWUPEIvg=">AAAB83icdZBNS8NAEIYn9avWr6pHL4tF8FRSUfRY9OKxgv2AJpTNdtMu3WzC7kQooX/DiwdFvPpnvPlv3LQpqOgLCy/PzDCzb5BIYdB1P53Syura+kZ5s7K1vbO7V90/6Jg41Yy3WSxj3Quo4VIo3kaBkvcSzWkUSN4NJjd5vfvAtRGxusdpwv2IjpQIBaNokZd5OiJI9YjjbFCtufULNxdx6+7SFKRRkBoUag2qH94wZmnEFTJJjek33AT9jGoUTPJZxUsNTyib0BHvW6toxI2fzW+ekRNLhiSMtX0KyZx+n8hoZMw0CmxnRHFsftdy+Fetn2J45WdCJSlyxRaLwlQSjEkeABkKzRnKqTWUaWFvJWxMNWVoY6rYEJY/Jf+bzlm9Yf3dea15XcRRhiM4hlNowCU04RZa0AYGCTzCM7w4qfPkvDpvi9aSU8wcwg85719KGZHW</latexit><latexit sha1_base64="+SeC0eZeOvMRhrrfOgIpWUPEIvg=">AAAB83icdZBNS8NAEIYn9avWr6pHL4tF8FRSUfRY9OKxgv2AJpTNdtMu3WzC7kQooX/DiwdFvPpnvPlv3LQpqOgLCy/PzDCzb5BIYdB1P53Syura+kZ5s7K1vbO7V90/6Jg41Yy3WSxj3Quo4VIo3kaBkvcSzWkUSN4NJjd5vfvAtRGxusdpwv2IjpQIBaNokZd5OiJI9YjjbFCtufULNxdx6+7SFKRRkBoUag2qH94wZmnEFTJJjek33AT9jGoUTPJZxUsNTyib0BHvW6toxI2fzW+ekRNLhiSMtX0KyZx+n8hoZMw0CmxnRHFsftdy+Fetn2J45WdCJSlyxRaLwlQSjEkeABkKzRnKqTWUaWFvJWxMNWVoY6rYEJY/Jf+bzlm9Yf3dea15XcRRhiM4hlNowCU04RZa0AYGCTzCM7w4qfPkvDpvi9aSU8wcwg85719KGZHW</latexit><latexit sha1_base64="+SeC0eZeOvMRhrrfOgIpWUPEIvg=">AAAB83icdZBNS8NAEIYn9avWr6pHL4tF8FRSUfRY9OKxgv2AJpTNdtMu3WzC7kQooX/DiwdFvPpnvPlv3LQpqOgLCy/PzDCzb5BIYdB1P53Syura+kZ5s7K1vbO7V90/6Jg41Yy3WSxj3Quo4VIo3kaBkvcSzWkUSN4NJjd5vfvAtRGxusdpwv2IjpQIBaNokZd5OiJI9YjjbFCtufULNxdx6+7SFKRRkBoUag2qH94wZmnEFTJJjek33AT9jGoUTPJZxUsNTyib0BHvW6toxI2fzW+ekRNLhiSMtX0KyZx+n8hoZMw0CmxnRHFsftdy+Fetn2J45WdCJSlyxRaLwlQSjEkeABkKzRnKqTWUaWFvJWxMNWVoY6rYEJY/Jf+bzlm9Yf3dea15XcRRhiM4hlNowCU04RZa0AYGCTzCM7w4qfPkvDpvi9aSU8wcwg85719KGZHW</latexit><latexit sha1_base64="+SeC0eZeOvMRhrrfOgIpWUPEIvg=">AAAB83icdZBNS8NAEIYn9avWr6pHL4tF8FRSUfRY9OKxgv2AJpTNdtMu3WzC7kQooX/DiwdFvPpnvPlv3LQpqOgLCy/PzDCzb5BIYdB1P53Syura+kZ5s7K1vbO7V90/6Jg41Yy3WSxj3Quo4VIo3kaBkvcSzWkUSN4NJjd5vfvAtRGxusdpwv2IjpQIBaNokZd5OiJI9YjjbFCtufULNxdx6+7SFKRRkBoUag2qH94wZmnEFTJJjek33AT9jGoUTPJZxUsNTyib0BHvW6toxI2fzW+ekRNLhiSMtX0KyZx+n8hoZMw0CmxnRHFsftdy+Fetn2J45WdCJSlyxRaLwlQSjEkeABkKzRnKqTWUaWFvJWxMNWVoY6rYEJY/Jf+bzlm9Yf3dea15XcRRhiM4hlNowCU04RZa0AYGCTzCM7w4qfPkvDpvi9aSU8wcwg85719KGZHW</latexit>

f(xi) : RN0 ! RNL
<latexit sha1_base64="NkrVmKf7SZa99c1Dl3ReMomIl/0=">AAACFnicdZDLSsNAFIYn9VbrLerSzWAR6sKSiKK4KrpxIVLFXqCJYTKdtEMnF2YmYgl5Cje+ihsXirgVd76NkzYFLfrDwM93zmHO+d2IUSEN40srzMzOzS8UF0tLyyura/r6RlOEMcekgUMW8raLBGE0IA1JJSPtiBPku4y03MFZVm/dES5oGNzIYURsH/UC6lGMpEKOvudV7h26ewItH8m+6ybX6W1y6RgptGQ4BS9SRy8b1UMjEzSqxsTkxMxJGeSqO/qn1Q1x7JNAYoaE6JhGJO0EcUkxI2nJigWJEB6gHukoGyCfCDsZnZXCHUW60Au5eoGEI/pzIkG+EEPfVZ3ZnmK6lsG/ap1Yesd2QoMoliTA44+8mEF1cZYR7FJOsGRDZRDmVO0KcR9xhKVKsqRCmFwK/zfN/aqp/NVBuXaax1EEW2AbVIAJjkANnIM6aAAMHsATeAGv2qP2rL1p7+PWgpbPbIJf0j6+AXGpnvE=</latexit><latexit sha1_base64="NkrVmKf7SZa99c1Dl3ReMomIl/0=">AAACFnicdZDLSsNAFIYn9VbrLerSzWAR6sKSiKK4KrpxIVLFXqCJYTKdtEMnF2YmYgl5Cje+ihsXirgVd76NkzYFLfrDwM93zmHO+d2IUSEN40srzMzOzS8UF0tLyyura/r6RlOEMcekgUMW8raLBGE0IA1JJSPtiBPku4y03MFZVm/dES5oGNzIYURsH/UC6lGMpEKOvudV7h26ewItH8m+6ybX6W1y6RgptGQ4BS9SRy8b1UMjEzSqxsTkxMxJGeSqO/qn1Q1x7JNAYoaE6JhGJO0EcUkxI2nJigWJEB6gHukoGyCfCDsZnZXCHUW60Au5eoGEI/pzIkG+EEPfVZ3ZnmK6lsG/ap1Yesd2QoMoliTA44+8mEF1cZYR7FJOsGRDZRDmVO0KcR9xhKVKsqRCmFwK/zfN/aqp/NVBuXaax1EEW2AbVIAJjkANnIM6aAAMHsATeAGv2qP2rL1p7+PWgpbPbIJf0j6+AXGpnvE=</latexit><latexit sha1_base64="NkrVmKf7SZa99c1Dl3ReMomIl/0=">AAACFnicdZDLSsNAFIYn9VbrLerSzWAR6sKSiKK4KrpxIVLFXqCJYTKdtEMnF2YmYgl5Cje+ihsXirgVd76NkzYFLfrDwM93zmHO+d2IUSEN40srzMzOzS8UF0tLyyura/r6RlOEMcekgUMW8raLBGE0IA1JJSPtiBPku4y03MFZVm/dES5oGNzIYURsH/UC6lGMpEKOvudV7h26ewItH8m+6ybX6W1y6RgptGQ4BS9SRy8b1UMjEzSqxsTkxMxJGeSqO/qn1Q1x7JNAYoaE6JhGJO0EcUkxI2nJigWJEB6gHukoGyCfCDsZnZXCHUW60Au5eoGEI/pzIkG+EEPfVZ3ZnmK6lsG/ap1Yesd2QoMoliTA44+8mEF1cZYR7FJOsGRDZRDmVO0KcR9xhKVKsqRCmFwK/zfN/aqp/NVBuXaax1EEW2AbVIAJjkANnIM6aAAMHsATeAGv2qP2rL1p7+PWgpbPbIJf0j6+AXGpnvE=</latexit><latexit sha1_base64="NkrVmKf7SZa99c1Dl3ReMomIl/0=">AAACFnicdZDLSsNAFIYn9VbrLerSzWAR6sKSiKK4KrpxIVLFXqCJYTKdtEMnF2YmYgl5Cje+ihsXirgVd76NkzYFLfrDwM93zmHO+d2IUSEN40srzMzOzS8UF0tLyyura/r6RlOEMcekgUMW8raLBGE0IA1JJSPtiBPku4y03MFZVm/dES5oGNzIYURsH/UC6lGMpEKOvudV7h26ewItH8m+6ybX6W1y6RgptGQ4BS9SRy8b1UMjEzSqxsTkxMxJGeSqO/qn1Q1x7JNAYoaE6JhGJO0EcUkxI2nJigWJEB6gHukoGyCfCDsZnZXCHUW60Au5eoGEI/pzIkG+EEPfVZ3ZnmK6lsG/ap1Yesd2QoMoliTA44+8mEF1cZYR7FJOsGRDZRDmVO0KcR9xhKVKsqRCmFwK/zfN/aqp/NVBuXaax1EEW2AbVIAJjkANnIM6aAAMHsATeAGv2qP2rL1p7+PWgpbPbIJf0j6+AXGpnvE=</latexit>

l = L
<latexit sha1_base64="DHtV0M4TMMijiq/4AbB2ReXOko4=">AAAB7HicdVBNS8NAEJ3Ur1q/qh69LBbBU0liaOtBKHrx4KGC/YA2lM122y7dbMLuRiihv8GLB0W8+oO8+W/ctBVU9MHA470ZZuYFMWdK2/aHlVtZXVvfyG8WtrZ3dveK+wctFSWS0CaJeCQ7AVaUM0GbmmlOO7GkOAw4bQeTq8xv31OpWCTu9DSmfohHgg0ZwdpITY4u0E2/WLLL57WK61WQXbbtquM6GXGr3pmHHKNkKMESjX7xvTeISBJSoQnHSnUdO9Z+iqVmhNNZoZcoGmMywSPaNVTgkCo/nR87QydGGaBhJE0Jjebq94kUh0pNw8B0hliP1W8vE//yuoke1vyUiTjRVJDFomHCkY5Q9jkaMEmJ5lNDMJHM3IrIGEtMtMmnYEL4+hT9T1pu2TH81ivVL5dx5OEIjuEUHKhCHa6hAU0gwOABnuDZEtaj9WK9Llpz1nLmEH7AevsE+yKOIw==</latexit><latexit sha1_base64="DHtV0M4TMMijiq/4AbB2ReXOko4=">AAAB7HicdVBNS8NAEJ3Ur1q/qh69LBbBU0liaOtBKHrx4KGC/YA2lM122y7dbMLuRiihv8GLB0W8+oO8+W/ctBVU9MHA470ZZuYFMWdK2/aHlVtZXVvfyG8WtrZ3dveK+wctFSWS0CaJeCQ7AVaUM0GbmmlOO7GkOAw4bQeTq8xv31OpWCTu9DSmfohHgg0ZwdpITY4u0E2/WLLL57WK61WQXbbtquM6GXGr3pmHHKNkKMESjX7xvTeISBJSoQnHSnUdO9Z+iqVmhNNZoZcoGmMywSPaNVTgkCo/nR87QydGGaBhJE0Jjebq94kUh0pNw8B0hliP1W8vE//yuoke1vyUiTjRVJDFomHCkY5Q9jkaMEmJ5lNDMJHM3IrIGEtMtMmnYEL4+hT9T1pu2TH81ivVL5dx5OEIjuEUHKhCHa6hAU0gwOABnuDZEtaj9WK9Llpz1nLmEH7AevsE+yKOIw==</latexit><latexit sha1_base64="DHtV0M4TMMijiq/4AbB2ReXOko4=">AAAB7HicdVBNS8NAEJ3Ur1q/qh69LBbBU0liaOtBKHrx4KGC/YA2lM122y7dbMLuRiihv8GLB0W8+oO8+W/ctBVU9MHA470ZZuYFMWdK2/aHlVtZXVvfyG8WtrZ3dveK+wctFSWS0CaJeCQ7AVaUM0GbmmlOO7GkOAw4bQeTq8xv31OpWCTu9DSmfohHgg0ZwdpITY4u0E2/WLLL57WK61WQXbbtquM6GXGr3pmHHKNkKMESjX7xvTeISBJSoQnHSnUdO9Z+iqVmhNNZoZcoGmMywSPaNVTgkCo/nR87QydGGaBhJE0Jjebq94kUh0pNw8B0hliP1W8vE//yuoke1vyUiTjRVJDFomHCkY5Q9jkaMEmJ5lNDMJHM3IrIGEtMtMmnYEL4+hT9T1pu2TH81ivVL5dx5OEIjuEUHKhCHa6hAU0gwOABnuDZEtaj9WK9Llpz1nLmEH7AevsE+yKOIw==</latexit><latexit sha1_base64="DHtV0M4TMMijiq/4AbB2ReXOko4=">AAAB7HicdVBNS8NAEJ3Ur1q/qh69LBbBU0liaOtBKHrx4KGC/YA2lM122y7dbMLuRiihv8GLB0W8+oO8+W/ctBVU9MHA470ZZuYFMWdK2/aHlVtZXVvfyG8WtrZ3dveK+wctFSWS0CaJeCQ7AVaUM0GbmmlOO7GkOAw4bQeTq8xv31OpWCTu9DSmfohHgg0ZwdpITY4u0E2/WLLL57WK61WQXbbtquM6GXGr3pmHHKNkKMESjX7xvTeISBJSoQnHSnUdO9Z+iqVmhNNZoZcoGmMywSPaNVTgkCo/nR87QydGGaBhJE0Jjebq94kUh0pNw8B0hliP1W8vE//yuoke1vyUiTjRVJDFomHCkY5Q9jkaMEmJ5lNDMJHM3IrIGEtMtMmnYEL4+hT9T1pu2TH81ivVL5dx5OEIjuEUHKhCHa6hAU0gwOABnuDZEtaj9WK9Llpz1nLmEH7AevsE+yKOIw==</latexit>

ti
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data not data



What do we (usually) want from  
a neural network?

Point of this paper: if you give up on all these, 
you can have your stat mech model. But what have we learned?

• Network architecture can accommodate “infinite” data without 
the network growing in size (we’re drawing from a distribution)


• L2 weight/bias regularization is great, but what you really care about 
is the loss function on the data


• You want to train your network, not just use random weights 
and biases


• Loss depends on input data: you actually want the network to 
learn something



Choosing a random network
Goal of the paper is to study the statistics of an ensemble of 

random networks. What measure should we choose?

“As the objective we hope to minimize is the total loss, with reference 
to Jaynes [“Information theory and statistical mechanics”, Phys. Rev. 1957]  

we select the maximum entropy distribution over 
f subject to a measurement of the expected loss function.”

What’s the maximum entropy distribution holding the average loss (energy) 
fixed? Why, lo and behold, it’s the Boltzmann distribution:

P (f) = e�L(f)/Q
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(Does anybody know the Jaynes reference? This seems like words 
draped around the conclusion they wanted from the beginning: 

if you start with the canonical ensemble, you probably get a stat mech system)

Q =

Z
[dW ] [db] e�L
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Changing variables
The nontrivial result of the paper is that pre-activations 
are a nicer choice of variables than weights and biases.

…at the price of coupling 
 all the pre-activations 

 together.

• What is the temperature? What else can we compute from Q?

• Can we do perturbation theory in JD?

• Can we treat the input data as an external source field?  

Things which are not addressed in this paper but may be worth investigating:

Data loss only depends 
 on the pre-activation 

 of the final layer…

We then integrate out the weights and biases by completing the square,
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Interestingly, we notice that upon integrating out the weights and biases, the pre-
activations from different inputs become coupled. This is reminiscent of replica calcu-
lations in the spin glass literature.

We now rewrite the above expression to elucidate its structure. To do this we
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where 1 is the |M|⇥ |M| matrix of ones. Using this notation

we can rewrite eq. (36) as,
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Eq. (37) clearly has the structure of a multivariate Gaussian as a function of the �l

↵
. In

principle it is therefore possible to integrate out the �l

↵
. We notice, however, that ⌃l

is an |M| ⇥ |M| matrix constructed as a sum of Nl + 1 terms each being the outer-
product of a vector. It follows that the rank of ⌃l is at most Nl + 1. For this work we
will be explicitly interested in the large Nl limit and so we may safely assume that ⌃l

is full-rank. However, more care must be taken when Nl + 1 ⇠ |M|.
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We then integrate out the weights and biases by completing the square,
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Interestingly, we notice that upon integrating out the weights and biases, the pre-
activations from different inputs become coupled. This is reminiscent of replica calcu-
lations in the spin glass literature.

We now rewrite the above expression to elucidate its structure. To do this we
first let (�l

↵
)T = (�l

↵;1,�
l

↵;2, · · · ,�
l

↵;|M|), (zl

↵
)T = (zl

↵;1, z
l

↵;2, · · · z
l

↵;|M|), and
(�l

↵
)T = (�l(zl�1

↵;1 ),�
l(zl�1

↵;2 ), · · · ,�
l(zl�1

↵;|M|)). Finally we define the matrix ⌃l =

�
2
w
N

�1
l

�l

↵
(�l

↵
)T +1�2

b
where 1 is the |M|⇥ |M| matrix of ones. Using this notation

we can rewrite eq. (36) as,
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Eq. (37) clearly has the structure of a multivariate Gaussian as a function of the �l

↵
. In

principle it is therefore possible to integrate out the �l

↵
. We notice, however, that ⌃l

is an |M| ⇥ |M| matrix constructed as a sum of Nl + 1 terms each being the outer-
product of a vector. It follows that the rank of ⌃l is at most Nl + 1. For this work we
will be explicitly interested in the large Nl limit and so we may safely assume that ⌃l

is full-rank. However, more care must be taken when Nl + 1 ⇠ |M|.
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Quick overview of the proof
Remember Faddeev-Popov? Introduce pre-activations 

as delta-function constraints, exponentiate them to put them in the action,

complete the square to integrate out weights and biases

connected feed-forward neural network can be written as,
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where we have let [d⌦] = [dW ][db][dz][d�] for notational convenience.

Proof. To demonstrate this result we begin with eq. (24) and iteratively use �-functions
to change variables to the pre-activations. Explicitly writing the neural network out in
eq. (24) gives,
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We can repeat this process iteratively until all of the pre-activations have been intro-
duced. We find,
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where we will use �
0(z�1) ⌘ x interchangeably for notational simplicity. This proce-

dure has essentially used a change of variables to introduce the pre-activations explic-
itly into the partition function.

17

Q
<latexit sha1_base64="s9cpMgegKO+rBlXOoPMp9jDWQ70=">AAAB+HicbZA9SwNBEIbn/IzxK2qpxWIQrMKdjZZBG8scmA9IjrC3mUuW7N4du3tCPPILbLW3E1sr/4qd+EvcfBSa+MLAwzszzPCGqeDauO6ns7K6tr6xWdgqbu/s7u2XDg4bOskUwzpLRKJaIdUoeIx1w43AVqqQylBgMxzeTPrNe1SaJ/GdGaUYSNqPecQZNdby/W6p7FbcqcgyeHMoV08+/C8AqHVL351ewjKJsWGCat323NQEOVWGM4HjYifTmFI2pH1sW4ypRB3k00fH5Mw6PRIlylZsyNT9vZFTqfVIhnZSUjPQi72J+W8vlAuXTXQV5DxOM4Mxmx2OMkFMQiYpkB5XyIwYWaBMcfs7YQOqKDM2q6INxVuMYBkaFxXPsm/TuYaZCnAMp3AOHlxCFW6hBnVggPAIT/DsPDgvzqvzNhtdceY7R/BHzvsPE/CVvA==</latexit><latexit sha1_base64="1smzlzO9BaOZiD/nI4I+GagPIbY=">AAAB+HicbZC7SwNBEMbn4ivGV9RSkcUgWIU7Gy2DNpY5MA9IjrC32UuW7O4du3tCPFJa2WpvJ7ZW+Vdsbf0n3DwKTfxg4Mc3M8zwhQln2rjup5NbWV1b38hvFra2d3b3ivsHdR2nitAaiXmsmiHWlDNJa4YZTpuJoliEnDbCwc2k37inSrNY3plhQgOBe5JFjGBjLd/vFEtu2Z0KLYM3h1LleOx/P56Mq53iV7sbk1RQaQjHWrc8NzFBhpVhhNNRoZ1qmmAywD3asiixoDrIpo+O0Jl1uiiKlS1p0NT9vZFhofVQhHZSYNPXi72J+W8vFAuXTXQVZEwmqaGSzA5HKUcmRpMUUJcpSgwfWsBEMfs7In2sMDE2q4INxVuMYBnqF2XPsm/TuYaZ8nAEp3AOHlxCBW6hCjUgQOEJnuHFeXBenTfnfTaac+Y7h/BHzscPCJWXIg==</latexit><latexit sha1_base64="1smzlzO9BaOZiD/nI4I+GagPIbY=">AAAB+HicbZC7SwNBEMbn4ivGV9RSkcUgWIU7Gy2DNpY5MA9IjrC32UuW7O4du3tCPFJa2WpvJ7ZW+Vdsbf0n3DwKTfxg4Mc3M8zwhQln2rjup5NbWV1b38hvFra2d3b3ivsHdR2nitAaiXmsmiHWlDNJa4YZTpuJoliEnDbCwc2k37inSrNY3plhQgOBe5JFjGBjLd/vFEtu2Z0KLYM3h1LleOx/P56Mq53iV7sbk1RQaQjHWrc8NzFBhpVhhNNRoZ1qmmAywD3asiixoDrIpo+O0Jl1uiiKlS1p0NT9vZFhofVQhHZSYNPXi72J+W8vFAuXTXQVZEwmqaGSzA5HKUcmRpMUUJcpSgwfWsBEMfs7In2sMDE2q4INxVuMYBnqF2XPsm/TuYaZ8nAEp3AOHlxCBW6hCjUgQOEJnuHFeXBenTfnfTaac+Y7h/BHzscPCJWXIg==</latexit><latexit sha1_base64="H1z8dDRjWDX4QOngz//J5q22dzs=">AAAB+HicbZA9SwNBEIbn4leMX1FLm8UgWIU7Gy2DNpYJmA9IjrC3mUuW7O4du3tCDPkFttrbia3/xtZf4ia5QhNfGHh4Z4YZ3igV3Fjf//IKG5tb2zvF3dLe/sHhUfn4pGWSTDNsskQkuhNRg4IrbFpuBXZSjVRGAtvR+G7ebz+iNjxRD3aSYijpUPGYM2qd1Wj0yxW/6i9E1iHIoQK56v3yd2+QsEyiskxQY7qBn9pwSrXlTOCs1MsMppSN6RC7DhWVaMLp4tEZuXDOgMSJdqUsWbi/N6ZUGjORkZuU1I7Mam9u/tuL5MplG9+EU67SzKJiy8NxJohNyDwFMuAamRUTB5Rp7n4nbEQ1ZdZlVXKhBKsRrEPrqho4bviV2m0eTxHO4BwuIYBrqME91KEJDBCe4QVevSfvzXv3PpajBS/fOYU/8j5/AN+Xk3c=</latexit> { <latexit sha1_base64="swUn7zWqnVi68t3BIo8OZZjaaVI=">AAAB6XicdVDLSgNBEOz1GeMr6tHLYBA8hVmz4noLevEYxTwgWcLsZDYZMju7zMwKYckfePGgiFf/yJt/4+QhqGhBQ1HVTXdXmAquDcYfztLyyuraemGjuLm1vbNb2ttv6iRTlDVoIhLVDolmgkvWMNwI1k4VI3EoWCscXU391j1TmifyzoxTFsRkIHnEKTFWuu3mvVIZV7DvVX0X4cpZ9cL1qpZgz/es4lbwDGVYoN4rvXf7Cc1iJg0VROuOi1MT5EQZTgWbFLuZZimhIzJgHUsliZkO8tmlE3RslT6KEmVLGjRTv0/kJNZ6HIe2MyZmqH97U/Evr5OZyA9yLtPMMEnni6JMIJOg6duozxWjRowtIVRxeyuiQ6IINTacog3h61P0P2meVlzLb7xy7XIRRwEO4QhOwIVzqME11KEBFCJ4gCd4dkbOo/PivM5bl5zFzAH8gPP2CQakja8=</latexit><latexit sha1_base64="swUn7zWqnVi68t3BIo8OZZjaaVI=">AAAB6XicdVDLSgNBEOz1GeMr6tHLYBA8hVmz4noLevEYxTwgWcLsZDYZMju7zMwKYckfePGgiFf/yJt/4+QhqGhBQ1HVTXdXmAquDcYfztLyyuraemGjuLm1vbNb2ttv6iRTlDVoIhLVDolmgkvWMNwI1k4VI3EoWCscXU391j1TmifyzoxTFsRkIHnEKTFWuu3mvVIZV7DvVX0X4cpZ9cL1qpZgz/es4lbwDGVYoN4rvXf7Cc1iJg0VROuOi1MT5EQZTgWbFLuZZimhIzJgHUsliZkO8tmlE3RslT6KEmVLGjRTv0/kJNZ6HIe2MyZmqH97U/Evr5OZyA9yLtPMMEnni6JMIJOg6duozxWjRowtIVRxeyuiQ6IINTacog3h61P0P2meVlzLb7xy7XIRRwEO4QhOwIVzqME11KEBFCJ4gCd4dkbOo/PivM5bl5zFzAH8gPP2CQakja8=</latexit><latexit sha1_base64="swUn7zWqnVi68t3BIo8OZZjaaVI=">AAAB6XicdVDLSgNBEOz1GeMr6tHLYBA8hVmz4noLevEYxTwgWcLsZDYZMju7zMwKYckfePGgiFf/yJt/4+QhqGhBQ1HVTXdXmAquDcYfztLyyuraemGjuLm1vbNb2ttv6iRTlDVoIhLVDolmgkvWMNwI1k4VI3EoWCscXU391j1TmifyzoxTFsRkIHnEKTFWuu3mvVIZV7DvVX0X4cpZ9cL1qpZgz/es4lbwDGVYoN4rvXf7Cc1iJg0VROuOi1MT5EQZTgWbFLuZZimhIzJgHUsliZkO8tmlE3RslT6KEmVLGjRTv0/kJNZ6HIe2MyZmqH97U/Evr5OZyA9yLtPMMEnni6JMIJOg6duozxWjRowtIVRxeyuiQ6IINTacog3h61P0P2meVlzLb7xy7XIRRwEO4QhOwIVzqME11KEBFCJ4gCd4dkbOo/PivM5bl5zFzAH8gPP2CQakja8=</latexit><latexit sha1_base64="swUn7zWqnVi68t3BIo8OZZjaaVI=">AAAB6XicdVDLSgNBEOz1GeMr6tHLYBA8hVmz4noLevEYxTwgWcLsZDYZMju7zMwKYckfePGgiFf/yJt/4+QhqGhBQ1HVTXdXmAquDcYfztLyyuraemGjuLm1vbNb2ttv6iRTlDVoIhLVDolmgkvWMNwI1k4VI3EoWCscXU391j1TmifyzoxTFsRkIHnEKTFWuu3mvVIZV7DvVX0X4cpZ9cL1qpZgz/es4lbwDGVYoN4rvXf7Cc1iJg0VROuOi1MT5EQZTgWbFLuZZimhIzJgHUsliZkO8tmlE3RslT6KEmVLGjRTv0/kJNZ6HIe2MyZmqH97U/Evr5OZyA9yLtPMMEnni6JMIJOg6duozxWjRowtIVRxeyuiQ6IINTacog3h61P0P2meVlzLb7xy7XIRRwEO4QhOwIVzqME11KEBFCJ4gCd4dkbOo/PivM5bl5zFzAH8gPP2CQakja8=</latexit>

Iterate to expand the activation function composition in the data loss:

connected feed-forward neural network can be written as,
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where we have let [d⌦] = [dW ][db][dz][d�] for notational convenience.

Proof. To demonstrate this result we begin with eq. (24) and iteratively use �-functions
to change variables to the pre-activations. Explicitly writing the neural network out in
eq. (24) gives,
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We can repeat this process iteratively until all of the pre-activations have been intro-
duced. We find,
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where we will use �
0(z�1) ⌘ x interchangeably for notational simplicity. This proce-

dure has essentially used a change of variables to introduce the pre-activations explic-
itly into the partition function.
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Quick overview of the proof
Remember Faddeev-Popov? Introduce pre-activations 

as delta-function constraints, exponentiate them to put them in the action,

complete the square to integrate out weights and biases
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where we have let [d⌦] = [dW ][db][dz][d�] for notational convenience.

Proof. To demonstrate this result we begin with eq. (24) and iteratively use �-functions
to change variables to the pre-activations. Explicitly writing the neural network out in
eq. (24) gives,
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We can repeat this process iteratively until all of the pre-activations have been intro-
duced. We find,
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where we will use �
0(z�1) ⌘ x interchangeably for notational simplicity. This proce-

dure has essentially used a change of variables to introduce the pre-activations explic-
itly into the partition function.
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Quick overview of the proof
Remember Faddeev-Popov? Introduce pre-activations 

as delta-function constraints, exponentiate them to put them in the action,

complete the square to integrate out weights and biases
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where we have let [d⌦] = [dW ][db][dz][d�] for notational convenience.

Proof. To demonstrate this result we begin with eq. (24) and iteratively use �-functions
to change variables to the pre-activations. Explicitly writing the neural network out in
eq. (24) gives,
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We can repeat this process iteratively until all of the pre-activations have been intro-
duced. We find,
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where we will use �
0(z�1) ⌘ x interchangeably for notational simplicity. This proce-

dure has essentially used a change of variables to introduce the pre-activations explic-
itly into the partition function.
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At this stage, all weights and biases appear at most quadratically, 
at the expense of adding pre-activations z and auxiliary fields    to the action.


Complete the square, integrate out W and b to get
λ

We then integrate out the weights and biases by completing the square,
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Interestingly, we notice that upon integrating out the weights and biases, the pre-
activations from different inputs become coupled. This is reminiscent of replica calcu-
lations in the spin glass literature.

We now rewrite the above expression to elucidate its structure. To do this we
first let (�l
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where 1 is the |M|⇥ |M| matrix of ones. Using this notation

we can rewrite eq. (36) as,
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Eq. (37) clearly has the structure of a multivariate Gaussian as a function of the �l

↵
. In

principle it is therefore possible to integrate out the �l

↵
. We notice, however, that ⌃l

is an |M| ⇥ |M| matrix constructed as a sum of Nl + 1 terms each being the outer-
product of a vector. It follows that the rank of ⌃l is at most Nl + 1. For this work we
will be explicitly interested in the large Nl limit and so we may safely assume that ⌃l

is full-rank. However, more care must be taken when Nl + 1 ⇠ |M|.
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The rest of the paper
• Network architecture can accommodate “infinite” data without 

the network growing in size (we’re drawing from a distribution)  
require                 


• L2 weight/bias regularization is great, but what you really care about 
is the loss function on the data  

• You want to train your network, not just use random weights 
and biases 
no training, only initialization according to Q


• Loss depends on input data: you actually want the network to 
learn something 
put the network on a circle: 

Nl � |M|
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JD = 0, |M| = 0
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Super-deep networks
In order to integrate out the auxiliary fields, the matrix       has to be full rank. 

But it’s a sum of Nl+1 outer products, so its rank is at most Nl+1. 
The size of the matrix is the size of the dataset,  
so to get rid of auxiliaries, we need to assume  

Nl + 1 � |M|
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(this is deeply unrealistic, and not very robust. Is this assumption 
even necessary? What’s wrong with auxiliary fields?)

Under this assumption, we have the main result of the paper,

To construct a stochastic ensemble of networks we must place a measure on the
space of networks. As the objective we hope to minimize is the total loss, L, with
reference to Jaynes [1957] we select the maximum entropy distribution over f subject
to a measurement of the expected total loss,

hLi =

Z
dfP (f)L(f). (7)

This gives a probability of finding a network f to be given by, P (f) = e
�L(f)

/Q

where Q is the partition function,

Q =

Z
[dW ][db]e�L

. (8)

Here we have introduced the notation [dW ] =
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for simplicity.
While a choice of ensemble in this context will always be somewhat arbitrary, we

argue that this particular ensemble has several interesting features that make it worthy
of study. First, if we set JD = 0 then this amounts to studying the distribution of
untrained, randomly initialized, neural networks with weights and biases distributed
according to W

l
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⇠ N (0,�2

w
N
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) and b
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↵
⇠ N (0,�2

b
) respectively. This situation

also amounts to considering a Bayesian neural network with a Gaussian distributed
prior on the weights and biases as in Neal [2012]. When JD is small, but nonzero,
we may treat the loss as a perturbation about the random case. We speculate that the
regime of small JD should be tractable given the work presented here. Studying the
case of large JD will probably require methodology beyond what is introduced in this
paper; however, if progress could be made in this regime, it would give insight into the
distribution of minima in the loss landscape.

Our main result is to rewrite eq. (8) in a form that is more amenable to analysis.
In particular, the weights and biases may be integrated out analytically resulting in a
distribution that depends only on the pre-activations in each layer. This formulation
elucidates the statistical structure of the network and allows for systematic approxima-
tion. By a change of variables we arrive at the following theorem (for proof appendix
8.1).
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tribution over weights and biases defined by eq. (8) can be converted to a distribution

over the pre-activations of the neural network. When Nl � |M| the distribution over

the pre-activations is described by a statistical lattice model defined by the partition

function,
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Now what?

To construct a stochastic ensemble of networks we must place a measure on the
space of networks. As the objective we hope to minimize is the total loss, L, with
reference to Jaynes [1957] we select the maximum entropy distribution over f subject
to a measurement of the expected total loss,

hLi =

Z
dfP (f)L(f). (7)

This gives a probability of finding a network f to be given by, P (f) = e
�L(f)

/Q

where Q is the partition function,

Q =

Z
[dW ][db]e�L

. (8)

Here we have introduced the notation [dW ] =
Q
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Q
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↵

for simplicity.
While a choice of ensemble in this context will always be somewhat arbitrary, we

argue that this particular ensemble has several interesting features that make it worthy
of study. First, if we set JD = 0 then this amounts to studying the distribution of
untrained, randomly initialized, neural networks with weights and biases distributed
according to W

l
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) and b
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b
) respectively. This situation

also amounts to considering a Bayesian neural network with a Gaussian distributed
prior on the weights and biases as in Neal [2012]. When JD is small, but nonzero,
we may treat the loss as a perturbation about the random case. We speculate that the
regime of small JD should be tractable given the work presented here. Studying the
case of large JD will probably require methodology beyond what is introduced in this
paper; however, if progress could be made in this regime, it would give insight into the
distribution of minima in the loss landscape.

Our main result is to rewrite eq. (8) in a form that is more amenable to analysis.
In particular, the weights and biases may be integrated out analytically resulting in a
distribution that depends only on the pre-activations in each layer. This formulation
elucidates the statistical structure of the network and allows for systematic approxima-
tion. By a change of variables we arrive at the following theorem (for proof appendix
8.1).
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Poole, Lahiri, Raghu, Sohl-Dickstein, and Ganguli [2016] 
have a mean-field description of this ensemble from replacing

�l(zl↵)�
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It works, but doesn’t get the fluctuations (as expected):

Figure 1: Samples of the norm of pre-activations, |zl
↵
|, from an L = 100 layer stochas-

tic neural network with �(z) = tanh(z), JD = 0, Nl = 500, and �
2
b
= 0.001. The

weight variance was changed from 0.1 (blue) to 1.5 (red). Dashed lines show the cor-
responding mean-field prediction.
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While results involving the distribution of pre-activations resulting from a single input
are an interesting first step we know from Poole et al. [2016], Schoenholz et al. [2017],
Daniely et al. [2016] that correlations between the pre-activations due to different in-
puts is important when analyzing notions of expressivity and trainability. We therefore
believe that extending these results to nontrivial datasets will be fruitful. To this end, it
might be useful to take inspiration from the spin-glass community and seek to rephrase
eq. (9) in terms of an overlap and to look for replica-symmetry breaking.

7

“To overcome these issues, we pursue a more 
principled solution to Eq. (9) by considering 

a controlled expansion for large Nl.”



From 1 datum to 0
Except that’s not what they do. First they simplify to the case of a single input:

Figure 1: Samples of the norm of pre-activations, |zl
↵
|, from an L = 100 layer stochas-

tic neural network with �(z) = tanh(z), JD = 0, Nl = 500, and �
2
b
= 0.001. The

weight variance was changed from 0.1 (blue) to 1.5 (red). Dashed lines show the cor-
responding mean-field prediction.

appendix 8.1),

Q =

Z
[dz] exp

"
�

1

2

(
JD`(�L+1(zL), t) +

z
0
↵
z
0
↵

�2
w
N

�1
0 x�x� + �

2
b

+
LX

l=1

z
l

↵
z
l

↵

�2
w
N

�1
l

�l(zl�1
�

)�l(zl�1
�

) + �
2
b

+
LX

l=1

Nl log(�
2
w
N

�1
l

�
l(zl

↵
)�l(zl

↵
) + �

2
b
)

)#
.

(10)

While results involving the distribution of pre-activations resulting from a single input
are an interesting first step we know from Poole et al. [2016], Schoenholz et al. [2017],
Daniely et al. [2016] that correlations between the pre-activations due to different in-
puts is important when analyzing notions of expressivity and trainability. We therefore
believe that extending these results to nontrivial datasets will be fruitful. To this end, it
might be useful to take inspiration from the spin-glass community and seek to rephrase
eq. (9) in terms of an overlap and to look for replica-symmetry breaking.

7

This is still too hard, so they get rid of the input and put the network 
on a circle, which necessarily requires JD = 0.

4 The Stochastic Neural Network On A Ring

With the stochastic neural network defined in eq. (9), we consider a specific network
topology that is unusual in machine learning but is commonplace in physics. In par-
ticular, as in the Ising model described above, we consider a stochastic network whose
final layer feeds back into its first layer. Since this topology is incompatible with a
loss defined in terms of network inputs and outputs, we set JD = 0 in this case. A
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Figure 2: A schematic showing the topology of the Stochastic Neural Network on a
ring.

schematic of this network can be seen in fig. (2). The substantial advantage of con-
sidering this periodic topology is that we can neglect the effect of boundary conditions
and focus on the “bulk” behavior of the network. The boundary effects can be taken
into account once a theory for the bulk has been established. This method of dealing
with lattice models is extremely common. We additionally set Nl = N and �

l = �

independent of layer.
The stochastic network on a ring is described by the energy,
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subject to the identification z
L

↵
= z

�1
↵

. We will call this lattice model the stochastic
neural network on a ring. For the remainder of this paper we will consider systematic
approximations to eq. (11).
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In my opinion, this is a cute interacting field theory model,

but by this point has basically nothing to do with neural networks.



What’s left: sanity checks
Try a linear activation function: action is now isotropic in z, so switch to spherical coords,

5 Linear Stochastic Neural Networks

To gain intuition for the stochastic network on a ring we will begin by considering a
linear network with �(z) = z. In this case it is clear that the energy in eq. (11) is
isotropic. It is therefore possible to change variables into hyper-spherical coordinates
and integrate out the angular part explicitly (which will give a constant factor that may
be neglected). Consequently, the energy for the stochastic linear network is given by
(see appendix 8.2),

L({rl}) =
1

2

LX

l=0
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�2
w
N�1(rl�1)2 + �

2
b

�N log

 
(rl)2

�2
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N�1(rl)2 + �

2
b

!)
. (12)

where (rl)2 = z
l

↵
z
l

↵
.

A controlled approximation to eq. (12) as N ! 1 can be constructed using
the Laplace approximation (sometimes called the saddle point approximation). The
essence of the Laplace approximation is that integrals of the form I =

R
dxe

�Af(x)

can be approximated by I ⇡ e
�Af(x⇤)

R
dxe

�A(x�x
⇤)T f

00(x⇤)(x�x
⇤) as A ! 1 where

x
⇤ minimizes f(x). Consequently, we first seek a minimum of eq. (12) to expand

around.
We make the ansatz that there is a uniform configuration, rl = r

⇤ independent of
layer, that minimizes eq. (12). Under this assumption we find that for �2

w
< 1 there is

an optimum when (see appendix 8.2),

r
⇤ =

s
N�

2
b

�w

, (13)

where �w = 1 � �
2
w

measures the distance to criticality. This solution can be tested
by generating many instantiations of stochastic linear networks and then computing
the average norm of the pre-activations after the transient from the input has decayed.
In fig. (3) we plot the empirical norm measured in this way against the theoretical
prediction. We see excellent agreement between the numerical result and the theory1.

Nonuniform fluctuations around the minimum can now be computed. Let rl =
r
⇤ + ✏

l and expand the energy to quadratic order in ✏
l. Writing U({✏l}) = L({r⇤ +

✏
l
})� L({r⇤}) we find that (see appendix 8.2),

U({✏l}) =
�w

�
2
b

LX

l=0

⇥
(1 + �

4
w
)(✏l)2 � 2�2

w
✏
l
✏
l�1
⇤
. (14)

As in the work of Poole et al. [2016], here we also approximate the behavior of the
full joint distribution by a Gaussian. However, the Laplace approximation retains the
coupling between layers and therefore is able to capture inter-layer fluctuations.

Together eq. (13) and eq. (14) fully characterize the behavior of the linear stochastic
network as Nl ! 1. By expanding to beyond quadratic order, corrections of order

1Note that while we are measuring the average norm of the linear stochastic network, we are predicting
r⇤ which is the mode of the distribution. However, these quantities are equal in the large N limit of the
Laplace approximation.
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Find minimum with saddle- 
point approximation:

Figure 3: The fixed point of the norm, r⇤, for a stochastic linear network with �
2
b
=

0.01, L = 1024, N = 200. Measurements from instantiations of the network at
different �2

w
are shown in red circles. The theoretical prediction is overlaid in black

dashed lines.

N
�1
l

can be computed. One application of this would be to reprise the analysis of
signal propagation in deep networks in Schoenholz et al. [2017], but for networks of
finite rather than infinite width.

As our network is topologically equivalent to a ring, we can perform a coordinate
transformation of eq. (14) to the Fourier basis by writing ✏

l =
P

q
✏qe

�iql. To respect
the periodic boundary conditions of the ring, q will be summed from 0 to 2⇡ in units
of 2n⇡/L. It follows that (see appendix 8.2),

U({✏q}) =
L�w

�
2
b

X

q

�
(1 + �

4
w
)� 2�2

w
cos q

 
|✏q|

2
. (15)

The Fourier transformation therefore diagonalizes eq. (14) and so we predict that the
different Fourier modes ought to be distributed as independent Gaussians. Since the
variance of each mode is positive for �2

w
< 1, the optimum that we identified in eq. (13)

is indeed a minimum.
This calculation gives very precise predictions about the behavior of pre-activations

in wide, deep stochastic networks. To test these predictions we generate M = 200
samples from linear stochastic networks of width N = 200 and depth L = 1024. For
each sample we take the norm of the pre-activations in the last 512 layers of the network
and compute the fluctuation of the pre-activation around r

⇤ (eq. (13)). For each sample
we then compute the FFT of the norm of the pre-activations. Finally, we compute the
variance of each Fourier mode (for more details and plots see appendix 8.3). We plot
the results of this calculation in fig. (4) for different values of �2

w
. In each case we see
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(N ⌘ Nl, (rl)2 = zl↵z
l
↵)
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is indeed a minimum.
This calculation gives very precise predictions about the behavior of pre-activations

in wide, deep stochastic networks. To test these predictions we generate M = 200
samples from linear stochastic networks of width N = 200 and depth L = 1024. For
each sample we take the norm of the pre-activations in the last 512 layers of the network
and compute the fluctuation of the pre-activation around r

⇤ (eq. (13)). For each sample
we then compute the FFT of the norm of the pre-activations. Finally, we compute the
variance of each Fourier mode (for more details and plots see appendix 8.3). We plot
the results of this calculation in fig. (4) for different values of �2

w
. In each case we see

10

Figure 4: The statistics of the Fourier transform of fluctuations in deep linear stochastic
neural networks. This figure offers a comparison between the fluctuations sampled
from stochastic neural networks (colored lines) and our theoretical predictions (white
lines). The networks are of depth L = 1024, width N = 200, and �

2
b
= 0.01. The

colors denote different values of �2
w

in the set 0.02 (blue), 0.18, 0.34, 0.5, 0.66, 0.82,
0.98 (red).

strong agreement between our numerical experiments and the prediction of our theory.
Note that the factorial Gaussian approximation discussed briefly above is unable to
capture these fluctuations.

The long wavelength behavior of fluctuations in the deep linear network is well
described by an effective field theory. This effective field theory can be constructed
by expanding eq. (15) to quadratic order in q, approximating sums by integrals and
differences by derivatives. We find that the effective field theory is defined by the
energy (see appendix 8.2),

U [✏(x)] =
�w

�
2
b

Z
dx

"
�2

w
(✏(x))2 + �

2
w

✓
@✏(x)

@x

◆2
#
. (16)

We note that this field theory features explicitly ✏(x) ! �✏(x) as well as x ! �x

symmetry. Perhaps expectedly this implies that information can equally travel forward
and backwards through the network.

Both the effective field theory and the lattice model have long wavelength fluctua-
tions that are given by the q ! 0 limit of eq. (15),

U({✏q}) ⇡
L�w�

2
w

�
2
b

X

q

⇢
�2

w

�2
w

+ q
2

�
|✏q|

2
. (17)
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Stat mech works!



What’s left: sanity checks
Try a ReLU activation function: break pre-activations into + and - components

Find minimum: 
half of pre-activations are zero, 

as may be expected

Expand around minimum, find EFT  
of fluctuations to quadratic order:

theoretical description of the statistics of random rectified linear networks. We note in
passing that that the fully factorial mean field theory would not be able to capture any
of the anisotropy in the fluctuations identified here.

As in the linear case, the layer-layer coupling can be diagonalized by moving into
Fourier space. In the rectified linear case, however, this transformation retains covari-
ance between the different fluctuations. In particular, we can write the energy in Fourier
space as U = 1

2

P
q
✏†(q)⌃�1(q)✏(q) where ✏†(q) =

�
✏
�q

+ ✏
�q

� ✏
�q

k

�
is a vector of

fluctuations and

⌃�1(q) =

0

@
1 + �

4
w
/2� �

2
w
cos q �

1
2�

2
w
e
�iq 1

2
�

1
2�

2
w
e
iq 1 �

1
2

1
2 �

1
2 3

1

A (22)

is the Fourier space inverse covariance matrix between different fields (see appendix 8.4).
We can compare our theoretical predictions for the covariance matrix against nu-

merical results generated in an analogous manner to the linear case. The results of this
comparison can be seen in fig. (6) for different elements of the covariance matrix and
different values of �2

w
2 (0, 2). As in the linear case we see excellent agreement be-

tween the theoretical predictions and the numerical simulations. Finally, we can com-
plete our analysis by computing an effective field theory that governs long wavelength
fluctuations (see appendix 8.4).

Once again we can identify an effective field theory that governs long wavelength
fluctuations. We find that it is given by (see appendix 8.4),

U =
1

2

Z
dx

"
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4
w
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@x
✏�(x)

#
.

(23)

Note that unlike in the case of the stochastic linear network both the ✏ ! �✏ and
x ! �x symmetries are broken when acting on any given field. This symmetry break-
ing makes sense since the network treats the different fields quite asymmetrically and
the forward and backward propagation dynamics are quite different. In physics, the
symmetries and symmetry breaking have been shown to dictate the behavior of sys-
tems over large regions of their parameters. Thus, as in Landau theory, many systems
are classified based on the symmetries they possess. The presence of this symme-
try breaking between linear networks and rectified-linear networks suggests that such
an approach might be fruitfully applied to neural networks. As with the deep linear
network, the long-wavelength limit of the effective field theory and the lattice model
agree.

7 Discussion

Here we have shown that for fully-connected feed forward neural networks there is
a correspondence between random neural networks and lattice models in statistical

14

This breaks symmetry                  , 
as expected because ReLU 

distinguishes between forward/backward

✏ ! �✏
<latexit sha1_base64="D1WeBl30Bcxi6rryLJUNwWFrbAs=">AAACD3icbVC7SgNBFL0bX0l8rQo2NoNBsDHs2mgZtLGMYB6QDXF2MpsMmZldZmaFsOYjLG1ttbcTWz/B1i9x8hA08cDAuefcy71zwoQzbTzv08ktLa+sruULxfWNza1td2e3ruNUEVojMY9VM8SaciZpzTDDaTNRFIuQ00Y4uBz7jTuqNIvljRkmtC1wT7KIEWys1HH3A5poxmOJAhOjk5+q45a8sjcBWiT+jJQqheTxFgCqHfcr6MYkFVQawrHWLd9LTDvDyjDC6agYpJommAxwj7YslVhQ3c4m94/QkVW6KIqVfdKgifp7IsNC66EIbafApq/nvbH4rxeKuc0mOm9nTCapoZJMF0cpR/br43BQlylKDB9agoli9nZE+lhhYmyERRuKPx/BIqmfln3Lr206FzBFHg7gEI7BhzOowBVUoQYE7uEJnuHFeXBenTfnfdqac2Yze/AHzsc3zAieMw==</latexit><latexit sha1_base64="TQVjEUzfzFg8bHu8h38yWtWv5H8=">AAACD3icbVDLSgMxFM34bOtrVHDjJlgEN5YZN7osunFZwT6wM5RMmmlDk0xIMmIZ+xEu3bpVcOlO3PoJbv0RTR+Cth4InHvOvdybE0lGtfG8D2dufmFxaTmXL6ysrq1vuJtbNZ2kCpMqTliiGhHShFFBqoYaRhpSEcQjRupR72zo16+J0jQRl6YvSchRR9CYYmSs1HJ3AiI1ZYmAgUng4U/VcoteyRsBzhJ/QorlvLy/er75qrTcz6Cd4JQTYTBDWjd9T5owQ8pQzMigEKSaSIR7qEOalgrEiQ6z0f0DuG+VNowTZZ8wcKT+nsgQ17rPI9vJkenqaW8o/utFfGqziU/CjAqZGiLweHGcMmi/PgwHtqki2LC+JQgram+HuIsUwsZGWLCh+NMRzJLaUcm3/MKmcwrGyIFdsAcOgA+OQRmcgwqoAgxuwQN4BE/OnfPivDpv49Y5ZzKzDf7Aef8GxJmgUw==</latexit><latexit sha1_base64="TQVjEUzfzFg8bHu8h38yWtWv5H8=">AAACD3icbVDLSgMxFM34bOtrVHDjJlgEN5YZN7osunFZwT6wM5RMmmlDk0xIMmIZ+xEu3bpVcOlO3PoJbv0RTR+Cth4InHvOvdybE0lGtfG8D2dufmFxaTmXL6ysrq1vuJtbNZ2kCpMqTliiGhHShFFBqoYaRhpSEcQjRupR72zo16+J0jQRl6YvSchRR9CYYmSs1HJ3AiI1ZYmAgUng4U/VcoteyRsBzhJ/QorlvLy/er75qrTcz6Cd4JQTYTBDWjd9T5owQ8pQzMigEKSaSIR7qEOalgrEiQ6z0f0DuG+VNowTZZ8wcKT+nsgQ17rPI9vJkenqaW8o/utFfGqziU/CjAqZGiLweHGcMmi/PgwHtqki2LC+JQgram+HuIsUwsZGWLCh+NMRzJLaUcm3/MKmcwrGyIFdsAcOgA+OQRmcgwqoAgxuwQN4BE/OnfPivDpv49Y5ZzKzDf7Aef8GxJmgUw==</latexit><latexit sha1_base64="b/803Nmf13LbcuIvr8dKkJu6OVM=">AAACD3icbVDLSgMxFL1TX7W+RgU3boJFcGOZcaPLohuXFWwrdIaSSTNtaJIZkoxQxn6Ev+BW9+7ErZ/g1i8xbUfQ1gOBc8+5l3tzopQzbTzv0yktLa+srpXXKxubW9s77u5eSyeZIrRJEp6ouwhrypmkTcMMp3epolhEnLaj4dXEb99TpVkib80opaHAfcliRrCxUtc9CGiqGU8kCkyCTn+qrlv1at4UaJH4BalCgUbX/Qp6CckElYZwrHXH91IT5lgZRjgdV4JM0xSTIe7TjqUSC6rDfHr/GB1bpYfiRNknDZqqvydyLLQeich2CmwGet6biP96kZjbbOKLMGcyzQyVZLY4zjiyX5+Eg3pMUWL4yBJMFLO3IzLAChNjI6zYUPz5CBZJ66zmW37jVeuXRTxlOIQjOAEfzqEO19CAJhB4gCd4hhfn0Xl13pz3WWvJKWb24Q+cj29nBpyB</latexit>

Perhaps this result should not be surprising given the symmetry of the random weights.
We expect that in the N ! 1 limit the network will settle into a state where half the
pre-activations are negative and half the pre-activations are positive. We can test the

Figure 5: The fixed point of the positive (red) and negative (blue) components of the
norm, r⇤+/�, for a stochastic rectified linear network with �

2
b
= 0.01, L = 1024, N =

200. Measurements from instantiations of the network at different �2
w

are shown. The
theoretical prediction is overlaid in black dashed lines. The inset shows that measured
values for k⇤ (black) compared with the theoretical prediction (dashed white).

results of this prediction in fig. (5) by sampling M = 200 instances of 1024 layer deep
rectified linear stochastic neural networks with �

2
w
2 (0, 2). As in the case of the deep

linear stochastic network we see excellent agreement between theory and numerical
simulation.

Nonuniform fluctuations around the saddle point can once again be computed. To
do this we write r

l

+/� = r
⇤
+/� + ✏

l

+/� and k
l = k

⇤ + ✏
l

k
. We now expand the energy

and make the substitutions ✏̃l+/� =
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w
/2)/�2

b
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k
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k
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p
N to find

an energy cost for fluctuations (see appendix 8.4),
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(21)

We can understand some of these fluctuations in an intuitive way, for example fluctu-
ations in the norm of the fraction of positive components and the norm of the negative
components are anti-correlated. But in general rectified linear networks have subtle and
interesting fluctuations, and to our knowledge this work presents the first quantitative

13

r⇤+/� =

s
N�2

b

2� �2
w
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Given this equation we can read off the length-scale governing fluctuations to be ⇠ =
�w/�w. We therefore see that stochastic linear networks feature a phase transition at
�w = 0 with an accompanying diverging depth-scale in the fluctuations.

6 Rectified Linear Stochastic Neural Networks

Having discussed the linear stochastic neural network we now move on to the more
complicated case of the stochastic neural network on a ring with rectified linear acti-
vations, �(z) = max(0, z). Again we seek to construct the Laplace approximation to
eq. (11).

In this case we notice that the norm squared of any z
l decomposes into two terms,

(zl)2 = (zl+)
2 + (zl�)

2. Here, zl+ and z
l

� are the vectors of positive and negative
components of zl respectively. With this decomposition, the energy for the rectified
linear stochastic neural network can be written as,
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2
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The integral over each z
l can be decomposed as a sum of integrals over each of the 2N

different orthants. In each orthant, the set of positive and negative components of zl
is fixed; Consequently, we may apply independent hyperspherical coordinate transfor-
mations to z

l

+ and to z
l

� within each orthant.
With this in mind, let kl be the number of positive components of zl in a given

orthant with the remaining N � kl components being negative. It is clear that the
number of orthants with kl positive components will be

�
N

kl

�
. The partition function for

the rectified linear network can therefore be written as (see appendix 8.4),
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Here r
l

+ and r
l

� is the norm of the positive and negative components of the pre-
activations respectively. In the N ! 1 limit, the sum over orthants can be converted
into an integral and the � functions can be approximated using Stirling’s formula. We
therefore see that, unlike in the case of linear networks, the lattice model for rectified
linear networks contains three interaction fields, rl+, rl�, and kl.

As in the linear case, we can now construct the Laplace approximation for this
network. We first make an ansatz of a constant solution, rl+/� = r

⇤
+/� and k

l = k
⇤,

independent of the layer l. Solving for the minimum of the energy we arrive at the
following saddle point conditions (see appendix 8.4),
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2
. (20)
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Can switch to spherical coords. with introduction of new field k which counts 
positive/negative orthants.



What have we learned?
(my heavily subjective conclusions, not the authors’)

• If you decide from the outset you want a stat mech model for a neural 
network, you can get one, as long as you’re veeeeery flexible 
with your definition of “neural network.” 

• That said, change of variables to pre-activations seems like a useful trick. 
Do we need to be afraid of auxiliary fields? Probably not (c.f. Faddeev-Popov 
ghosts, very useful for computing tree-level Feynman diagrams in Yang-Mills). 

• Lots of obvious follow-ups: higher-point correlators, perturbation theory in 
JD, data as external sources in EFT, 1/N corrections, etc. 

• More generally, is there any high-level connection between ensembles of 
random networks and the behavior of a single network during training? 
Can we think of training as a flow in the space of random networks? If so, 
this might be a useful formalism to understand generalization.


